Abstract: A two-dimensional finite difference lattice Boltzmann model for twocomponent fluid systems is introduced. Phase separation is achieved using an appropriate expression of the bulk free energy. Flux limiter techniques are used to improve the numerical accuracy of this model. c Central European Science Journals. All rights reserved. 
General description of Lattice Boltzmann models
Lattice Boltzmann (LB) models provide an alternative to current methods in computational fluid dynamics. These models are based on mesoscopic-scale physics and thus, macroscopic phenomena are recovered without solving the equations of mechanics for continuous media. The starting point of any LB model is the Boltzmann equation [1] :
Here f (r, v, t) is the distribution function and F(r, t) is the force acting on a fluid particle of mass m. The collision term in the Boltzmann equation (1) is usually linearized using the Bhatnagar-Gross-Krook (BGK) approximation [2] after introducing the relaxation time τ :
The equilibrium distribution function f eq (r, v, t) which appears in (2) is the MaxwellBoltzmann distribution function: f eq (r, v, t) = n(r, t) m
where k B is the Boltzmann constant, T is the absolute temperature of the system, n(r, t) = f (r, v, t) dv (4) is the particle number density and u(r, t) = 1 n(r, t) v · f (r, v, t) dv (5) is the local fluid velocity. We assume that the system is not too far from the equilibrium state and get [3, 4] :
If we use a forward finite difference scheme for the time derivative with a time step δt ∂f (r, v, t) ∂t = f (r, v, t + δt) − f (r, v, t) δt
the Boltzmann equation (1) becomes:
− δt v · ∇f (r, v, t) + δt k B T F(r, t) · [ v − u(r, t) ] f eq (r, v, t)
For a two-component system we have two sets of distribution functions {f σ , f σ,eq } (σ = 0, 1). The masses of particles may be different: m σ = mσ,σ = 1 − σ (σ = 0, 1) but, for convenience, we assume the relaxation times to be identical. After discretization of phase space [5, 6, 7, 8, 9] , the distribution functions are defined only in the nodes of a discrete lattice L while the velocities are reduced to two discrete sets {e
is the probability to find in the node r ∈ L a particle of species σ with the velocity e σ i and we get two sets of LB evolution equations for the two-component fluid system:
where u(r, t) is the barycentric velocity and F σ (r, t) is the force acting on a particle of component σ.
In the two-dimensional (2D) case, N = 8 and the velocities e σ i are given by [10, 11] :
, sin
where c σ = (k B T /χm σ ) is the thermal speed. Here χ = 1/3 is a characteristic constant of the model.
Macroscopic variables e.g., the particle number density n σ ≡ n σ (r, t) and the local velocity u σ ≡ u σ (r, t) of component σ (σ = 0, 1) are computed from the distribution functions as follows:
while the barycentric velocity is given by [12] :
For the 2D LB model, the equilibrium distribution functions are expressed as a series expansion in the barycentric velocity [13, 14] :
where the weight coefficients are:
2 Flux limiters techniques for finite difference LB models
Standard LB models [5, 6, 7, 8, 9] assume that the thermal speeds of the particles are identical for both components (c σ = cσ = c,σ = 1 − σ, σ = 0, 1). The thermal speed c is related to the lattice spacing δx and the time step δt through
The application of standard LB models to fluid systems with two components is inappropriate in the general case m σ = mσ when the thermal speeds c σ (σ = 0, 1) are different. To overcome this problem, we should reject the relation (16) and use finite difference lattice Boltzmann models (FDLB) [15, 16, 17, 18, 19, 20, 21] . When using FDLB models, we have
where L = 1 is the characteristic length of the system (in non-dimensional units) and N is the number of lattice nodes along this characteristic length.
To compute the term e (9) we may use one of the characteristics-based finite difference schemes [16, 20] :
a. first order upwind scheme:
b. second order space centered scheme:
c. Lax Wendroff scheme:
Although only first order in space, the upwind scheme is preferred since this one is more stable than the space centered scheme when dealing with large density gradients, as is the case for two-component systems. However, the upwind scheme exhibits numerical diffusion and viscosity [20] which may affect the simulation results. Even if the second order Lax -Wendroff scheme is more accurate, the wiggle phenomenon introduces unphysical oscillations of the fluid density [22, 23] . Flux limiter schemes introduced below provide a possibility to overcome these well known problems of FDLB models. Figure 1 shows the lines of characteristics on the square LB lattice, for two evolution equations involving the distribution functions f 1 (x, t) and f 5 (x, t), respectively. If we refer to the points j − 1, j and j + 1 on the characteristics line relative to the distribution function f σ i , the Lax -Wendroff scheme [22, 23, 24] for updating the value of the distribution function in node j at time step n + 1 in accordance to the partial differential equation 
where δx and δt are the lattice spacing and the time step, respectively. Note that, for
According to the general approach for constructing high order Total Variation Diminishing (TVD) schemes using flux limiters [22, 23, 25, 26, 27] , we rewrite the updating rule (19) in a conservative form using two fluxes
and
The flux limiter ψ(θ σ,n i,j ) introduced in (21) is expressed as a function of the smoothness
In particular, the Lax -Wendroff scheme is recovered for the flux limiter ψ(θ σ,n i,j ) = 1. The widely used first order upwind scheme is recovered as another particular case, when ψ(θ σ,n i,j ) = 0. A wide choice of other flux limiters is at our disposal in the literature [22, 23, 25] :
• Fromm
• Sweby (Minbee)
• Van Leer
• Van Albada
• Roe's Superbee
• MCD: Monitorized Central Difference
Finite difference schemes are known to introduce spurious terms (numerical viscosity and diffusivity) in the mass and momentum conservation equations [20, 28] . When using the first order upwind scheme, these terms are linearly dependent on the lattice spacing δx. Since flux limiter schemes adapt themselves to the local smoothness (23) of the distribution functions, it is rather cumbersome to derive analytical expressions of the spurious numerical terms in these cases. However, the numerical diffusivity introduced by flux limiter schemes was found to closely follow a second order dependence on the lattice spacing [29] . According to Eq. (17), the lattice spacing is a small quantity and thus, the use of flux limiter schemes are expected to improve the accuracy of FDLB simulations.
Phase separation and the force term
There are two standard LB models for two-component fluids [30, 31, 32] which are widely used in the literature. Both models introduce a repulsive force between different species and restrict themselves to the case when the masses of particles are equal (m σ = mσ). In the first model [30] the force acting on particles of species σ is given by the gradient of a repulsive potential:
where the general expression of the lattice gradient of a scalar quantity S(x, t) reads
The constant G σ,σ controls both interparticle interaction as well as the surface tension. The second LB model [31] starts from the free energy functional
where the parameter λ in the bulk free energy density
controls the strength of the repulsive interaction between particles belonging to different species and the constant κ controls the surface tension. Since the second model uses separate LB equations for the quantities n = (n 0 + n 1 ) and ∆n = (n 0 − n 1 ), it does not allow the existence of specific forces (e.g. dipolar forces) acting only on one species of particles [27] . To overcome this problem, we choose the following expression for the bulk free energy φ = u−T s, where u is the internal energy per unit volume of the two-component fluid system (expressed as the sum between the internal energy of ideal gases and a repulsive energy term), T is the temperature and s is the system entropy per unit volume [33] :
Here N A is Avogadro's number and s 0 is the initial ideal gas entropy per mole. After a change of variables
the bulk free energy (36) becomes:
The phase separation force which enters (9) has now the following expression:
The first derivative of the bulk free energy (38) with respect to the order parameter ∆n is:
The condition for the existence of a minimum of the bulk free energy (∂φ/∂(∆n) = 0) gives:
For convenience, we consider n = n 0 + n 1 = 1, as well as k B T = 1. Thus eq. (41) reduces to: The existence of two different values of the order parameter ∆n is a characteristic of phase separation. The necessary condition for phase separation is:
which gives λ > λ critical = 2. The curves defined by the left and right sides of eq. (42) were plotted in Figure 2 . When λ ≤ λ critical (e.g. λ = 1), these two curves have only a common point A(0;1). For λ > λ critical (e.g., λ = 3), there are two intersection points (A and B), i.e. two local minima of the bulk free energy which occur for two different values of ∆n.
Computer simulations and the phase diagram
To test our parallel computing code we initialized a plane interface in a 2D lattice with N × 5 nodes and checked the equilibrium profile of the order parameter ∆n for different values of N and λ. Figure 3 shows the equilibrium state of a plane interface in a 2D lattice with 100 × 5 nodes, recovered for λ = 3.0 using the upwind scheme. Because of the numerical diffusion, which is a characteristic of this scheme, the interface width is strongly dependent on N for fixed λ. Phase separation always occurs in our model (36) when the interaction parameter λ exceeds the critical value λ critical = 2. Figure 4 shows the effect of the interaction parameter λ on the order parameter ∆n, for N = 5, 000. The agreement between the simulation results obtained with our model and the theoretical curve ∆n = ∆n(λ) computed from eq. (42) by the binary chopping method is remarkable. Fig . 5 Equilibrium profiles of the local density n 1 in the interface region, after 50,000,000 time steps, for λ = 2.05 and λ = 2.25 (τ = 0.01, N = 5, 000, δx = 2 × 10 −4 , δt = 10 −5 ). Figure 5 shows the profile of the local density of component 1 in the interface region. This profile was obtained using a one -dimensional model and the upwind finite difference scheme with N = 5, 000 nodes per unit length. The system exhibits a sharp interface whose width is approx. 10 −2 of the unit length. The interface width is found to increase significantly when the upwind scheme is used on a lattice where the number N of nodes per unit length is reduced. This behavior is an effect of the numerical diffusion. A large upwind: λ = 3.00 MCD: λ = 3.00 number of nodes is needed to minimize the numerical diffusion in order to get accurate results during computer runs done using the upwind scheme. Increasing the number of lattice nodes per unit length becomes very expensive for simulations in two and three dimensions. The use of flux limiters may reduce computational costs, as discussed below. Figure 6 shows the profiles of the local density of component 1 recovered in 2D simulations using the upwind scheme, as well as the MCD flux limiter scheme introduced above (we restricted our present discussion to results we get with the MCD flux limiter since the other flux limiter schemes introduced in Section 2 give similar effects). The results in Figure 6 were recovered using only N = 100 nodes per unit length. It is easy to observe that the upwind scheme exhibits broad interfaces because of the strong numerical diffusion which does not allow a clear phase separation when the value of the interaction parameter λ is close to the critical value λ critical = 2. The numerical diffusion is significantlly reduced and interfaces narrow when using a flux limiter scheme (e.g. MCD), even for λ close to λ critical . The phase diagram in Figure 7 was recovered after exploring the whole range of values of the interaction parameter λ using the two numerical schemes mentioned above: the first order upwind scheme (20) and the MCD flux limiter scheme (31) . This phase diagram was recovered for constant N = 100 and δt = 10 −3 . The results clearly indicate that the MCD flux limiter scheme is more appropriate for small values of N and gives results which are closer to the theoretical phase diagram which is the solution of Eq. (42). For example, for λ = 2.5, the value of the order parameter ∆n derived from Eq. (42) is ∆n = 0.71041, while the MCD scheme gives ∆n = 0.68829. For this value of λ, the upwind scheme gives an unphysical result since no phase separation is observed (∆n = 0). To achieve phase separation with the upwind scheme for λ = 2.5 and δt = 10 −3 , we increased the number of lattice nodes N . Results shown in Table 1 for δt = 10 −3 demonstrate that the numerical errors introduced by the upwind scheme decrease when increasing N , but simulations crash when N becomes large enough because of the Courant -FriedrichsLevy condition [22, 23, 25] which requires CF L σ ≤ 1 to preserve numerical stability. Smaller values of the time step δt satisfy this condition for larger N , but the number of time steps necessary to reach the equilibrium state, as well as the required memory (i.e., the computational effort) increase dramatically in these cases. The accuracy of the MCD schemes with N = 100 and δt = 10 −3 is matched by the upwind scheme with δt = 10 −4 only when N becomes ten times larger (N = 1, 000). Thus, substantial computing effort may be saved using the MCD flux limiter scheme, especially when the interaction parameter λ is close to its critical value.
Conclusions
In this paper we introduced a LB model for two-component fluid systems which exhibits phase separation when the value of the interaction parameter is large enough. This model may be used to get equilibrium interface profiles in one-, two-or even three-dimensional systems. Since the upwind finite difference scheme widely used in the literature to resolve the spatial variation of the distribution functions in the LB evolution equations exhibits significant numerical diffusion, a large number of lattice nodes is needed to get accurate results when using this scheme. Flux limiter schemes significantly reduces the numerical diffusion and should be preferred to the upwind finite scheme in order to reduce the number of lattice nodes and save computational costs of LB simulations.
